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Recommender Systems in Industry

Netflix Movie Recommender worth about $1 billion.

Amazon Shopping Recommender accounts for 35% of sales.
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Recommender Systems in Industry

Google News Recommender generates 38% more clicks.

Spotify Music Recommender streams 5 billion tracks in a year.
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https://www2007.org/papers/paper570.pdf
https://www2007.org/papers/paper570.pdf
http://stanford.edu/~rezab/nips2014workshop/submits/logmat.pdf
https://www.businessinsider.com/spotifys-discover-weekly-streams-5-billion-tracks-in-less-than-a-year-2016-5
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Recommendation Datasets and Challenges

What type of data does recommender systems receive?

Ratings
Purchases

• Explicit Data: ratings, right swipes, likes
• Implicit Data: clicks, views, purchases

Challenge: One-class feedback for implicit data.

• 1 represents positive feedback
• 0 represents negative or unaware feedback
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Recommendation Datasets and Challenges

Dataset |U| |I| |R| |R|
|U|∗|I|

MovieLens-100k 943 1682 100000 6.30× 10−2
MovieLens-1m 6040 3706 1000209 4.46× 10−3
BookCrossing 7721 5000 253967 6.58× 10−3

Amazon Video Games 7926 5000 107359 2.71× 10−3

Each user interacts with only a few items.

Challenge: Scalability due to huge number of users and items.
Challenge: Sparsity due to relatively low number of interactions.
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Recommendation Datasets and Challenges
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Total purchases: 1000209 units
popular items
rare items

A niche set of popular items dominate the dataset
Challenge: Imbalanced item distribution.
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Recommendation Problem



Recommendation Problem Formulation

R = (sparse) Rating Matrix
U = Set of users
I = Set of items
Rtrain = Train Rating Matrix
Rtest = Test Rating Matrix
R = Rtrain ∪ Rtest, Rtrain ∩ Rtest = ∅
R̂ = f(Rtrain) = Predicted Matrix
R̂ is dense.
f = Recommender System User-Item Rating Matrix

Predict scores for missing entries of the Rating Matrix, Rmissing ≈ R̂.
Then, recommend the Top-K missing entries for each user.
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Recommendation Problem Formulation

G = Bipartite Graph
VU = Set of users nodes
VI = Set of items nodes
E = (sparse) interaction edges
E = Etrain ∪ Etest, Etrain ∩ Etest = ∅
ˆEtest = f(Etrain) = Link Prediction
ˆEtest is dense.
f = Recommender System

User-Item Bipartite Graph

Predict scores for missing edges in the bipartite graph.
Then, recommend the Top-K missing edges for each user nodes.
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Deep Graph Embeddings



Success of Deep Embeddings

CNN Embeddings

SGNS embeddings
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Generalize Deep Embeddings to Deep Graph Embeddings

Spectral Graph Convolution

Bipartite Graph

Spectral Convolution Embeddings
Spectral domain carries connectivity information.
u1 is more connected to i4 compared to i2 or i3.
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Generalize Deep Embeddings to Deep Graph Embeddings

Spatial Graph Convolution

Node’s embedding is a convolution of its neighbours convolved
embeddings.
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Generalize Deep Embeddings to Deep Graph Embeddings

DeepWalk

Random Walk on nodes
Breadth-First vs Depth-First Walks

Nodes on random walk are pulled closer in embedding space.
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Research Questions



Research Questions

• What are the properties of graph embeddings?
• How do graph embeddings compare to state-of-the-art
algorithms?

• How to extend graph embeddings for personalized
recommendations?
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Applications of Embeddings

Debugging: Embeddings within a category should be clustered.
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Applications of Embeddings

Item Retrieval: Retrieving item substitutes for comparison before purchase.
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Applications of Embeddings

Interpretability: Explain recommendations based on similarity to item.
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Applications of Embeddings

Personalization: Similar to average a user’s past interactions.
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Item Similarity Matrix

Item Similarity, SI

SI = WI · (WI)T

WI ∈ R|I|×d

SI must respect metric spaces.
• Identity Similarity
• Clustering Coherency
• Similarity Propagation
• Average Similarity
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Unsupervised Similarity Analysis
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Unsupervised Similarity Analysis

BPR
DeepRec

DeepWalk
GC-MC

KNN
PMF

Popular ProfitWalk PureSVD SpectralCF WRMF
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Supervised Similarity Analysis

BPR
DeepRec

DeepWalk
GC-MC

KNN
PMF

Popular ProfitWalk PureSVD SpectralCF WRMF

Soon Chee Loong, University of Toronto Deep Graph Embeddings in Recommender Systems
Analyzing Embeddings of Recommender Systems

Results 10 / 20



Supervised Similarity Analysis

BPR
DeepRec

DeepWalk
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Top-K Ranking Recommendation
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Top-K Ranking Recommendation

BPR
DeepRec

DeepWalk
GC-MC

KNN
PMF

Popular ProfitWalk PureSVD SpectralCF WRMF
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Profitability in Long-Tail
Recommendations



Profitability in Long-Tail Recommendations

Long Tail [1]
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Personalization

A single universal ranking is suboptimal.
Popularity is the optimal non-personalization algorithm.
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Profitability Score Metric
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ProfitWalk
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u2<latexit sha1_base64="4josNPTSQ/ZSYFP+fVZaVuJ/WzU=">AAAB83icbVDLSgMxFL3xWeur6tJNsAiuykwRdFlw47KCfUBnKJk004ZmMkMeQhn6G25cKOLWn3Hn35hpZ6GtBwKHc+7lnpwoE1wbz/tGG5tb2zu7lb3q/sHh0XHt5LSrU6so69BUpKofEc0El6xjuBGsnylGkkiwXjS9K/zeE1Oap/LRzDIWJmQsecwpMU4KgoSYSRTndj5sDmt1r+EtgNeJX5I6lGgPa1/BKKU2YdJQQbQe+F5mwpwow6lg82pgNcsInZIxGzgqScJ0mC8yz/GlU0Y4TpV70uCF+nsjJ4nWsyRyk0VGveoV4n/ewJr4Nsy5zKxhki4PxVZgk+KiADziilEjZo4QqrjLiumEKEKNq6nqSvBXv7xOus2G7zX8h+t6yyvrqMA5XMAV+HADLbiHNnSAQgbP8ApvyKIX9I4+lqMbqNw5gz9Anz8h5ZGs</latexit><latexit sha1_base64="4josNPTSQ/ZSYFP+fVZaVuJ/WzU=">AAAB83icbVDLSgMxFL3xWeur6tJNsAiuykwRdFlw47KCfUBnKJk004ZmMkMeQhn6G25cKOLWn3Hn35hpZ6GtBwKHc+7lnpwoE1wbz/tGG5tb2zu7lb3q/sHh0XHt5LSrU6so69BUpKofEc0El6xjuBGsnylGkkiwXjS9K/zeE1Oap/LRzDIWJmQsecwpMU4KgoSYSRTndj5sDmt1r+EtgNeJX5I6lGgPa1/BKKU2YdJQQbQe+F5mwpwow6lg82pgNcsInZIxGzgqScJ0mC8yz/GlU0Y4TpV70uCF+nsjJ4nWsyRyk0VGveoV4n/ewJr4Nsy5zKxhki4PxVZgk+KiADziilEjZo4QqrjLiumEKEKNq6nqSvBXv7xOus2G7zX8h+t6yyvrqMA5XMAV+HADLbiHNnSAQgbP8ApvyKIX9I4+lqMbqNw5gz9Anz8h5ZGs</latexit><latexit sha1_base64="4josNPTSQ/ZSYFP+fVZaVuJ/WzU=">AAAB83icbVDLSgMxFL3xWeur6tJNsAiuykwRdFlw47KCfUBnKJk004ZmMkMeQhn6G25cKOLWn3Hn35hpZ6GtBwKHc+7lnpwoE1wbz/tGG5tb2zu7lb3q/sHh0XHt5LSrU6so69BUpKofEc0El6xjuBGsnylGkkiwXjS9K/zeE1Oap/LRzDIWJmQsecwpMU4KgoSYSRTndj5sDmt1r+EtgNeJX5I6lGgPa1/BKKU2YdJQQbQe+F5mwpwow6lg82pgNcsInZIxGzgqScJ0mC8yz/GlU0Y4TpV70uCF+nsjJ4nWsyRyk0VGveoV4n/ewJr4Nsy5zKxhki4PxVZgk+KiADziilEjZo4QqrjLiumEKEKNq6nqSvBXv7xOus2G7zX8h+t6yyvrqMA5XMAV+HADLbiHNnSAQgbP8ApvyKIX9I4+lqMbqNw5gz9Anz8h5ZGs</latexit><latexit sha1_base64="4josNPTSQ/ZSYFP+fVZaVuJ/WzU=">AAAB83icbVDLSgMxFL3xWeur6tJNsAiuykwRdFlw47KCfUBnKJk004ZmMkMeQhn6G25cKOLWn3Hn35hpZ6GtBwKHc+7lnpwoE1wbz/tGG5tb2zu7lb3q/sHh0XHt5LSrU6so69BUpKofEc0El6xjuBGsnylGkkiwXjS9K/zeE1Oap/LRzDIWJmQsecwpMU4KgoSYSRTndj5sDmt1r+EtgNeJX5I6lGgPa1/BKKU2YdJQQbQe+F5mwpwow6lg82pgNcsInZIxGzgqScJ0mC8yz/GlU0Y4TpV70uCF+nsjJ4nWsyRyk0VGveoV4n/ewJr4Nsy5zKxhki4PxVZgk+KiADziilEjZo4QqrjLiumEKEKNq6nqSvBXv7xOus2G7zX8h+t6yyvrqMA5XMAV+HADLbiHNnSAQgbP8ApvyKIX9I4+lqMbqNw5gz9Anz8h5ZGs</latexit>

uk�1
<latexit sha1_base64="OI/VpDGbCJAPbjTKPl87SMhS7+o=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0sigh4LXjxWMG2hDWGz3bRLN5uwuymUkH/ixYMiXv0n3vw3btoctHVgYZh5jzc7YcqZ0o7zbdU2Nre2d+q7jb39g8Mj+/ikq5JMEuqRhCeyH2JFORPU00xz2k8lxXHIaS+c3pd+b0alYol40vOU+jEeCxYxgrWRAtsexlhPwijPiiCfXrlFYDedlrMAWiduRZpQoRPYX8NRQrKYCk04VmrgOqn2cyw1I5wWjWGmaIrJFI/pwFCBY6r8fJG8QBdGGaEokeYJjRbq740cx0rN49BMljnVqleK/3mDTEd3fs5EmmkqyPJQlHGkE1TWgEZMUqL53BBMJDNZEZlgiYk2ZTVMCe7ql9dJ97rlOi338abZdqo66nAG53AJLtxCGx6gAx4QmMEzvMKblVsv1rv1sRytWdXOKfyB9fkDoLaTlA==</latexit><latexit sha1_base64="OI/VpDGbCJAPbjTKPl87SMhS7+o=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0sigh4LXjxWMG2hDWGz3bRLN5uwuymUkH/ixYMiXv0n3vw3btoctHVgYZh5jzc7YcqZ0o7zbdU2Nre2d+q7jb39g8Mj+/ikq5JMEuqRhCeyH2JFORPU00xz2k8lxXHIaS+c3pd+b0alYol40vOU+jEeCxYxgrWRAtsexlhPwijPiiCfXrlFYDedlrMAWiduRZpQoRPYX8NRQrKYCk04VmrgOqn2cyw1I5wWjWGmaIrJFI/pwFCBY6r8fJG8QBdGGaEokeYJjRbq740cx0rN49BMljnVqleK/3mDTEd3fs5EmmkqyPJQlHGkE1TWgEZMUqL53BBMJDNZEZlgiYk2ZTVMCe7ql9dJ97rlOi338abZdqo66nAG53AJLtxCGx6gAx4QmMEzvMKblVsv1rv1sRytWdXOKfyB9fkDoLaTlA==</latexit><latexit sha1_base64="OI/VpDGbCJAPbjTKPl87SMhS7+o=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0sigh4LXjxWMG2hDWGz3bRLN5uwuymUkH/ixYMiXv0n3vw3btoctHVgYZh5jzc7YcqZ0o7zbdU2Nre2d+q7jb39g8Mj+/ikq5JMEuqRhCeyH2JFORPU00xz2k8lxXHIaS+c3pd+b0alYol40vOU+jEeCxYxgrWRAtsexlhPwijPiiCfXrlFYDedlrMAWiduRZpQoRPYX8NRQrKYCk04VmrgOqn2cyw1I5wWjWGmaIrJFI/pwFCBY6r8fJG8QBdGGaEokeYJjRbq740cx0rN49BMljnVqleK/3mDTEd3fs5EmmkqyPJQlHGkE1TWgEZMUqL53BBMJDNZEZlgiYk2ZTVMCe7ql9dJ97rlOi338abZdqo66nAG53AJLtxCGx6gAx4QmMEzvMKblVsv1rv1sRytWdXOKfyB9fkDoLaTlA==</latexit><latexit sha1_base64="OI/VpDGbCJAPbjTKPl87SMhS7+o=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0sigh4LXjxWMG2hDWGz3bRLN5uwuymUkH/ixYMiXv0n3vw3btoctHVgYZh5jzc7YcqZ0o7zbdU2Nre2d+q7jb39g8Mj+/ikq5JMEuqRhCeyH2JFORPU00xz2k8lxXHIaS+c3pd+b0alYol40vOU+jEeCxYxgrWRAtsexlhPwijPiiCfXrlFYDedlrMAWiduRZpQoRPYX8NRQrKYCk04VmrgOqn2cyw1I5wWjWGmaIrJFI/pwFCBY6r8fJG8QBdGGaEokeYJjRbq740cx0rN49BMljnVqleK/3mDTEd3fs5EmmkqyPJQlHGkE1TWgEZMUqL53BBMJDNZEZlgiYk2ZTVMCe7ql9dJ97rlOi338abZdqo66nAG53AJLtxCGx6gAx4QmMEzvMKblVsv1rv1sRytWdXOKfyB9fkDoLaTlA==</latexit>

uk
<latexit sha1_base64="tGV7eKAEnQexaz6ydAT6M2KfDds=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLgxmUF+4A2lsn0ph06mYSZiVJC/8ONC0Xc+i/u/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udR1Sax/LeTBP0IzqSPOSMGis99CNqxkGYpbNBNpkNqjW37s5BVolXkBoUaA6qX/1hzNIIpWGCat3z3MT4GVWGM4GzSj/VmFA2oSPsWSpphNrP5qln5MwqQxLGyj5pyFz9vZHRSOtpFNjJPKVe9nLxP6+XmvDaz7hMUoOSLQ6FqSAmJnkFZMgVMiOmllCmuM1K2JgqyowtqmJL8Ja/vEraF3XPrXt3l7WGW9RRhhM4hXPw4AoacAtNaAEDBc/wCm/Ok/PivDsfi9GSU+wcwx84nz9E0pLx</latexit><latexit sha1_base64="tGV7eKAEnQexaz6ydAT6M2KfDds=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLgxmUF+4A2lsn0ph06mYSZiVJC/8ONC0Xc+i/u/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udR1Sax/LeTBP0IzqSPOSMGis99CNqxkGYpbNBNpkNqjW37s5BVolXkBoUaA6qX/1hzNIIpWGCat3z3MT4GVWGM4GzSj/VmFA2oSPsWSpphNrP5qln5MwqQxLGyj5pyFz9vZHRSOtpFNjJPKVe9nLxP6+XmvDaz7hMUoOSLQ6FqSAmJnkFZMgVMiOmllCmuM1K2JgqyowtqmJL8Ja/vEraF3XPrXt3l7WGW9RRhhM4hXPw4AoacAtNaAEDBc/wCm/Ok/PivDsfi9GSU+wcwx84nz9E0pLx</latexit><latexit sha1_base64="tGV7eKAEnQexaz6ydAT6M2KfDds=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLgxmUF+4A2lsn0ph06mYSZiVJC/8ONC0Xc+i/u/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udR1Sax/LeTBP0IzqSPOSMGis99CNqxkGYpbNBNpkNqjW37s5BVolXkBoUaA6qX/1hzNIIpWGCat3z3MT4GVWGM4GzSj/VmFA2oSPsWSpphNrP5qln5MwqQxLGyj5pyFz9vZHRSOtpFNjJPKVe9nLxP6+XmvDaz7hMUoOSLQ6FqSAmJnkFZMgVMiOmllCmuM1K2JgqyowtqmJL8Ja/vEraF3XPrXt3l7WGW9RRhhM4hXPw4AoacAtNaAEDBc/wCm/Ok/PivDsfi9GSU+wcwx84nz9E0pLx</latexit><latexit sha1_base64="tGV7eKAEnQexaz6ydAT6M2KfDds=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLgxmUF+4A2lsn0ph06mYSZiVJC/8ONC0Xc+i/u/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udR1Sax/LeTBP0IzqSPOSMGis99CNqxkGYpbNBNpkNqjW37s5BVolXkBoUaA6qX/1hzNIIpWGCat3z3MT4GVWGM4GzSj/VmFA2oSPsWSpphNrP5qln5MwqQxLGyj5pyFz9vZHRSOtpFNjJPKVe9nLxP6+XmvDaz7hMUoOSLQ6FqSAmJnkFZMgVMiOmllCmuM1K2JgqyowtqmJL8Ja/vEraF3XPrXt3l7WGW9RRhhM4hXPw4AoacAtNaAEDBc/wCm/Ok/PivDsfi9GSU+wcwx84nz9E0pLx</latexit>

uk+1
<latexit sha1_base64="tEff8HqwwQUMMPAOH9hSL9oPEpo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREBD0WvHisYNpCG8Jmu2mXbjZhd1MoIf/EiwdFvPpPvPlv3LQ5aOvAwjDzHm92wpQzpR3n26ptbG5t79R3G3v7B4dH9vFJVyWZJNQjCU9kP8SKciaop5nmtJ9KiuOQ0144vS/93oxKxRLxpOcp9WM8FixiBGsjBbY9jLGehFGeFUE+vXKLwG46LWcBtE7cijShQiewv4ajhGQxFZpwrNTAdVLt51hqRjgtGsNM0RSTKR7TgaECx1T5+SJ5gS6MMkJRIs0TGi3U3xs5jpWax6GZLHOqVa8U//MGmY7u/JyJNNNUkOWhKONIJ6isAY2YpETzuSGYSGayIjLBEhNtymqYEtzVL6+T7nXLdVru402z7VR11OEMzuESXLiFNjxABzwgMINneIU3K7derHfrYzlas6qdU/gD6/MHnaqTkg==</latexit><latexit sha1_base64="tEff8HqwwQUMMPAOH9hSL9oPEpo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREBD0WvHisYNpCG8Jmu2mXbjZhd1MoIf/EiwdFvPpPvPlv3LQ5aOvAwjDzHm92wpQzpR3n26ptbG5t79R3G3v7B4dH9vFJVyWZJNQjCU9kP8SKciaop5nmtJ9KiuOQ0144vS/93oxKxRLxpOcp9WM8FixiBGsjBbY9jLGehFGeFUE+vXKLwG46LWcBtE7cijShQiewv4ajhGQxFZpwrNTAdVLt51hqRjgtGsNM0RSTKR7TgaECx1T5+SJ5gS6MMkJRIs0TGi3U3xs5jpWax6GZLHOqVa8U//MGmY7u/JyJNNNUkOWhKONIJ6isAY2YpETzuSGYSGayIjLBEhNtymqYEtzVL6+T7nXLdVru402z7VR11OEMzuESXLiFNjxABzwgMINneIU3K7derHfrYzlas6qdU/gD6/MHnaqTkg==</latexit><latexit sha1_base64="tEff8HqwwQUMMPAOH9hSL9oPEpo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREBD0WvHisYNpCG8Jmu2mXbjZhd1MoIf/EiwdFvPpPvPlv3LQ5aOvAwjDzHm92wpQzpR3n26ptbG5t79R3G3v7B4dH9vFJVyWZJNQjCU9kP8SKciaop5nmtJ9KiuOQ0144vS/93oxKxRLxpOcp9WM8FixiBGsjBbY9jLGehFGeFUE+vXKLwG46LWcBtE7cijShQiewv4ajhGQxFZpwrNTAdVLt51hqRjgtGsNM0RSTKR7TgaECx1T5+SJ5gS6MMkJRIs0TGi3U3xs5jpWax6GZLHOqVa8U//MGmY7u/JyJNNNUkOWhKONIJ6isAY2YpETzuSGYSGayIjLBEhNtymqYEtzVL6+T7nXLdVru402z7VR11OEMzuESXLiFNjxABzwgMINneIU3K7derHfrYzlas6qdU/gD6/MHnaqTkg==</latexit><latexit sha1_base64="tEff8HqwwQUMMPAOH9hSL9oPEpo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREBD0WvHisYNpCG8Jmu2mXbjZhd1MoIf/EiwdFvPpPvPlv3LQ5aOvAwjDzHm92wpQzpR3n26ptbG5t79R3G3v7B4dH9vFJVyWZJNQjCU9kP8SKciaop5nmtJ9KiuOQ0144vS/93oxKxRLxpOcp9WM8FixiBGsjBbY9jLGehFGeFUE+vXKLwG46LWcBtE7cijShQiewv4ajhGQxFZpwrNTAdVLt51hqRjgtGsNM0RSTKR7TgaECx1T5+SJ5gS6MMkJRIs0TGi3U3xs5jpWax6GZLHOqVa8U//MGmY7u/JyJNNNUkOWhKONIJ6isAY2YpETzuSGYSGayIjLBEhNtymqYEtzVL6+T7nXLdVru402z7VR11OEMzuESXLiFNjxABzwgMINneIU3K7derHfrYzlas6qdU/gD6/MHnaqTkg==</latexit>

...
<latexit sha1_base64="rkttgUSVOQKA82VBQGx3NxLa7ME=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPaUDabTbt2kw27k0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT5pG5VpxltMSaW7ATVcioS3UKDk3VRzGgeSd4Lx3dzvTLg2QiWPOE25H9NhIiLBKFqp3Z+ECs2gWnPr7gJknXgFqUGB5qD61Q8Vy2KeIJPUmJ7npujnVKNgks8q/czwlLIxHfKepQmNufHzxbUzcmGVkERK20qQLNTfEzmNjZnGge2MKY7MqjcX//N6GUa3fi6SNEOesOWiKJMEFZm/TkKhOUM5tYQyLeythI2opgxtQBUbgrf68jppX9U9t+49XNcabhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/gfP4AxgWPMA==</latexit><latexit sha1_base64="rkttgUSVOQKA82VBQGx3NxLa7ME=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPaUDabTbt2kw27k0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT5pG5VpxltMSaW7ATVcioS3UKDk3VRzGgeSd4Lx3dzvTLg2QiWPOE25H9NhIiLBKFqp3Z+ECs2gWnPr7gJknXgFqUGB5qD61Q8Vy2KeIJPUmJ7npujnVKNgks8q/czwlLIxHfKepQmNufHzxbUzcmGVkERK20qQLNTfEzmNjZnGge2MKY7MqjcX//N6GUa3fi6SNEOesOWiKJMEFZm/TkKhOUM5tYQyLeythI2opgxtQBUbgrf68jppX9U9t+49XNcabhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/gfP4AxgWPMA==</latexit><latexit sha1_base64="rkttgUSVOQKA82VBQGx3NxLa7ME=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPaUDabTbt2kw27k0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT5pG5VpxltMSaW7ATVcioS3UKDk3VRzGgeSd4Lx3dzvTLg2QiWPOE25H9NhIiLBKFqp3Z+ECs2gWnPr7gJknXgFqUGB5qD61Q8Vy2KeIJPUmJ7npujnVKNgks8q/czwlLIxHfKepQmNufHzxbUzcmGVkERK20qQLNTfEzmNjZnGge2MKY7MqjcX//N6GUa3fi6SNEOesOWiKJMEFZm/TkKhOUM5tYQyLeythI2opgxtQBUbgrf68jppX9U9t+49XNcabhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/gfP4AxgWPMA==</latexit><latexit sha1_base64="rkttgUSVOQKA82VBQGx3NxLa7ME=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPaUDabTbt2kw27k0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT5pG5VpxltMSaW7ATVcioS3UKDk3VRzGgeSd4Lx3dzvTLg2QiWPOE25H9NhIiLBKFqp3Z+ECs2gWnPr7gJknXgFqUGB5qD61Q8Vy2KeIJPUmJ7npujnVKNgks8q/czwlLIxHfKepQmNufHzxbUzcmGVkERK20qQLNTfEzmNjZnGge2MKY7MqjcX//N6GUa3fi6SNEOesOWiKJMEFZm/TkKhOUM5tYQyLeythI2opgxtQBUbgrf68jppX9U9t+49XNcabhFHGc7gHC7BgxtowD00oQUMnuAZXuHNUc6L8+58LFtLTjFzCn/gfP4AxgWPMA==</latexit>

uk+2
<latexit sha1_base64="DHmaZTm630e+EI/4Ewb27XQ04EM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCUpBV0W3LisYB/QhjCZTtqhk0mYmRRKyJ+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2t7Z3avu1w4Oj45P7NOznopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2X3h9+dUKhaLJ71IqBfhiWAhI1gbybftUYT1NAizNPez2U0z9+2603CWQJvELUkdSnR8+2s0jkkaUaEJx0oNXSfRXoalZoTTvDZKFU0wmeEJHRoqcESVly2T5+jKKGMUxtI8odFS/b2R4UipRRSYySKnWvcK8T9vmOrwzsuYSFJNBVkdClOOdIyKGtCYSUo0XxiCiWQmKyJTLDHRpqyaKcFd//Im6TUbrtNwH1v1tlPWUYULuIRrcOEW2vAAHegCgTk8wyu8WZn1Yr1bH6vRilXunMMfWJ8/ny+Tkw==</latexit><latexit sha1_base64="DHmaZTm630e+EI/4Ewb27XQ04EM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCUpBV0W3LisYB/QhjCZTtqhk0mYmRRKyJ+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2t7Z3avu1w4Oj45P7NOznopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2X3h9+dUKhaLJ71IqBfhiWAhI1gbybftUYT1NAizNPez2U0z9+2603CWQJvELUkdSnR8+2s0jkkaUaEJx0oNXSfRXoalZoTTvDZKFU0wmeEJHRoqcESVly2T5+jKKGMUxtI8odFS/b2R4UipRRSYySKnWvcK8T9vmOrwzsuYSFJNBVkdClOOdIyKGtCYSUo0XxiCiWQmKyJTLDHRpqyaKcFd//Im6TUbrtNwH1v1tlPWUYULuIRrcOEW2vAAHegCgTk8wyu8WZn1Yr1bH6vRilXunMMfWJ8/ny+Tkw==</latexit><latexit sha1_base64="DHmaZTm630e+EI/4Ewb27XQ04EM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCUpBV0W3LisYB/QhjCZTtqhk0mYmRRKyJ+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2t7Z3avu1w4Oj45P7NOznopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2X3h9+dUKhaLJ71IqBfhiWAhI1gbybftUYT1NAizNPez2U0z9+2603CWQJvELUkdSnR8+2s0jkkaUaEJx0oNXSfRXoalZoTTvDZKFU0wmeEJHRoqcESVly2T5+jKKGMUxtI8odFS/b2R4UipRRSYySKnWvcK8T9vmOrwzsuYSFJNBVkdClOOdIyKGtCYSUo0XxiCiWQmKyJTLDHRpqyaKcFd//Im6TUbrtNwH1v1tlPWUYULuIRrcOEW2vAAHegCgTk8wyu8WZn1Yr1bH6vRilXunMMfWJ8/ny+Tkw==</latexit><latexit sha1_base64="DHmaZTm630e+EI/4Ewb27XQ04EM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCUpBV0W3LisYB/QhjCZTtqhk0mYmRRKyJ+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2t7Z3avu1w4Oj45P7NOznopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2X3h9+dUKhaLJ71IqBfhiWAhI1gbybftUYT1NAizNPez2U0z9+2603CWQJvELUkdSnR8+2s0jkkaUaEJx0oNXSfRXoalZoTTvDZKFU0wmeEJHRoqcESVly2T5+jKKGMUxtI8odFS/b2R4UipRRSYySKnWvcK8T9vmOrwzsuYSFJNBVkdClOOdIyKGtCYSUo0XxiCiWQmKyJTLDHRpqyaKcFd//Im6TUbrtNwH1v1tlPWUYULuIRrcOEW2vAAHegCgTk8wyu8WZn1Yr1bH6vRilXunMMfWJ8/ny+Tkw==</latexit>

ipopular
<latexit sha1_base64="Q4KXw9AhL7f3JGRlcecxSFMxJ/o=">AAAB/XicbVDLSgMxFL1TX7W+6mPnJlgEV2VGBF0W3LisYFuhHYZMmmlDM8mQZIQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ0w408Z1v53Kyura+kZ1s7a1vbO7V98/6GqZKkI7RHKp7kOsKWeCdgwznN4niuI45LQXTq4Lv/dAlWZS3JlpQv0YjwSLGMHGSkH9aBBjMw6jjOVBlsgk5VjlQb3hNt0Z0DLxStKAEu2g/jUYSpLGVBjCsdZ9z02Mn2FlGOE0rw1STRNMJnhE+5YKHFPtZ7P0OTq1yhBFUtknDJqpvzcyHGs9jUM7WWTVi14h/uf1UxNd+RkTSWqoIPNDUcqRkaioAg2ZosTwqSWYKGazIjLGChNjC6vZErzFLy+T7nnTc5ve7UWj5ZZ1VOEYTuAMPLiEFtxAGzpA4BGe4RXenCfnxXl3PuajFafcOYQ/cD5/AKFkleo=</latexit><latexit sha1_base64="Q4KXw9AhL7f3JGRlcecxSFMxJ/o=">AAAB/XicbVDLSgMxFL1TX7W+6mPnJlgEV2VGBF0W3LisYFuhHYZMmmlDM8mQZIQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ0w408Z1v53Kyura+kZ1s7a1vbO7V98/6GqZKkI7RHKp7kOsKWeCdgwznN4niuI45LQXTq4Lv/dAlWZS3JlpQv0YjwSLGMHGSkH9aBBjMw6jjOVBlsgk5VjlQb3hNt0Z0DLxStKAEu2g/jUYSpLGVBjCsdZ9z02Mn2FlGOE0rw1STRNMJnhE+5YKHFPtZ7P0OTq1yhBFUtknDJqpvzcyHGs9jUM7WWTVi14h/uf1UxNd+RkTSWqoIPNDUcqRkaioAg2ZosTwqSWYKGazIjLGChNjC6vZErzFLy+T7nnTc5ve7UWj5ZZ1VOEYTuAMPLiEFtxAGzpA4BGe4RXenCfnxXl3PuajFafcOYQ/cD5/AKFkleo=</latexit><latexit sha1_base64="Q4KXw9AhL7f3JGRlcecxSFMxJ/o=">AAAB/XicbVDLSgMxFL1TX7W+6mPnJlgEV2VGBF0W3LisYFuhHYZMmmlDM8mQZIQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ0w408Z1v53Kyura+kZ1s7a1vbO7V98/6GqZKkI7RHKp7kOsKWeCdgwznN4niuI45LQXTq4Lv/dAlWZS3JlpQv0YjwSLGMHGSkH9aBBjMw6jjOVBlsgk5VjlQb3hNt0Z0DLxStKAEu2g/jUYSpLGVBjCsdZ9z02Mn2FlGOE0rw1STRNMJnhE+5YKHFPtZ7P0OTq1yhBFUtknDJqpvzcyHGs9jUM7WWTVi14h/uf1UxNd+RkTSWqoIPNDUcqRkaioAg2ZosTwqSWYKGazIjLGChNjC6vZErzFLy+T7nnTc5ve7UWj5ZZ1VOEYTuAMPLiEFtxAGzpA4BGe4RXenCfnxXl3PuajFafcOYQ/cD5/AKFkleo=</latexit><latexit sha1_base64="Q4KXw9AhL7f3JGRlcecxSFMxJ/o=">AAAB/XicbVDLSgMxFL1TX7W+6mPnJlgEV2VGBF0W3LisYFuhHYZMmmlDM8mQZIQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ0w408Z1v53Kyura+kZ1s7a1vbO7V98/6GqZKkI7RHKp7kOsKWeCdgwznN4niuI45LQXTq4Lv/dAlWZS3JlpQv0YjwSLGMHGSkH9aBBjMw6jjOVBlsgk5VjlQb3hNt0Z0DLxStKAEu2g/jUYSpLGVBjCsdZ9z02Mn2FlGOE0rw1STRNMJnhE+5YKHFPtZ7P0OTq1yhBFUtknDJqpvzcyHGs9jUM7WWTVi14h/uf1UxNd+RkTSWqoIPNDUcqRkaioAg2ZosTwqSWYKGazIjLGChNjC6vZErzFLy+T7nnTc5ve7UWj5ZZ1VOEYTuAMPLiEFtxAGzpA4BGe4RXenCfnxXl3PuajFafcOYQ/cD5/AKFkleo=</latexit>

irare
<latexit sha1_base64="/kq1nD36qF4NDrSB5g7ErOtIL10=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy4cVnBPqANYTK9aYdOHsxMlBL7KW5cKOLWL3Hn3zhps9DWAwOHc+7lnjlBKrjSjvNtra1vbG5tV3aqu3v7B4d27aijkkwybLNEJLIXUIWCx9jWXAvspRJpFAjsBpObwu8+oFQ8ie/1NEUvoqOYh5xRbSTfrg0iqsdBmPOZn0sqcebbdafhzEFWiVuSOpRo+fbXYJiwLMJYM0GV6rtOqr2cSs2ZwFl1kClMKZvQEfYNjWmEysvn0WfkzChDEibSvFiTufp7I6eRUtMoMJNFULXsFeJ/Xj/T4bWX8zjNNMZscSjMBNEJKXogQy6RaTE1hDLJTVbCxlRSpk1bVVOCu/zlVdK5aLhOw727rDedso4KnMApnIMLV9CEW2hBGxg8wjO8wpv1ZL1Y79bHYnTNKneO4Q+szx8P5pRz</latexit><latexit sha1_base64="/kq1nD36qF4NDrSB5g7ErOtIL10=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy4cVnBPqANYTK9aYdOHsxMlBL7KW5cKOLWL3Hn3zhps9DWAwOHc+7lnjlBKrjSjvNtra1vbG5tV3aqu3v7B4d27aijkkwybLNEJLIXUIWCx9jWXAvspRJpFAjsBpObwu8+oFQ8ie/1NEUvoqOYh5xRbSTfrg0iqsdBmPOZn0sqcebbdafhzEFWiVuSOpRo+fbXYJiwLMJYM0GV6rtOqr2cSs2ZwFl1kClMKZvQEfYNjWmEysvn0WfkzChDEibSvFiTufp7I6eRUtMoMJNFULXsFeJ/Xj/T4bWX8zjNNMZscSjMBNEJKXogQy6RaTE1hDLJTVbCxlRSpk1bVVOCu/zlVdK5aLhOw727rDedso4KnMApnIMLV9CEW2hBGxg8wjO8wpv1ZL1Y79bHYnTNKneO4Q+szx8P5pRz</latexit><latexit sha1_base64="/kq1nD36qF4NDrSB5g7ErOtIL10=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy4cVnBPqANYTK9aYdOHsxMlBL7KW5cKOLWL3Hn3zhps9DWAwOHc+7lnjlBKrjSjvNtra1vbG5tV3aqu3v7B4d27aijkkwybLNEJLIXUIWCx9jWXAvspRJpFAjsBpObwu8+oFQ8ie/1NEUvoqOYh5xRbSTfrg0iqsdBmPOZn0sqcebbdafhzEFWiVuSOpRo+fbXYJiwLMJYM0GV6rtOqr2cSs2ZwFl1kClMKZvQEfYNjWmEysvn0WfkzChDEibSvFiTufp7I6eRUtMoMJNFULXsFeJ/Xj/T4bWX8zjNNMZscSjMBNEJKXogQy6RaTE1hDLJTVbCxlRSpk1bVVOCu/zlVdK5aLhOw727rDedso4KnMApnIMLV9CEW2hBGxg8wjO8wpv1ZL1Y79bHYnTNKneO4Q+szx8P5pRz</latexit><latexit sha1_base64="/kq1nD36qF4NDrSB5g7ErOtIL10=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy4cVnBPqANYTK9aYdOHsxMlBL7KW5cKOLWL3Hn3zhps9DWAwOHc+7lnjlBKrjSjvNtra1vbG5tV3aqu3v7B4d27aijkkwybLNEJLIXUIWCx9jWXAvspRJpFAjsBpObwu8+oFQ8ie/1NEUvoqOYh5xRbSTfrg0iqsdBmPOZn0sqcebbdafhzEFWiVuSOpRo+fbXYJiwLMJYM0GV6rtOqr2cSs2ZwFl1kClMKZvQEfYNjWmEysvn0WfkzChDEibSvFiTufp7I6eRUtMoMJNFULXsFeJ/Xj/T4bWX8zjNNMZscSjMBNEJKXogQy6RaTE1hDLJTVbCxlRSpk1bVVOCu/zlVdK5aLhOw727rDedso4KnMApnIMLV9CEW2hBGxg8wjO8wpv1ZL1Y79bHYnTNKneO4Q+szx8P5pRz</latexit>

p(vt+1 =
ipopula

r|vt =
uk)

<latexit sha1_base64="2yf4eKbRvjxpKrIyf8RuVSzYGH0=">AAACInicbVDLSsNAFJ34rPVVdekmWISKUBIR1IVQcOOygn1AE8JkOmmHTpJh5qZYYr7Fjb/ixoWirgQ/xklbUFsPDBzOPffOvccXnCmwrE9jYXFpeWW1sFZc39jc2i7t7DZVnEhCGyTmsWz7WFHOItoABpy2haQ49Dlt+YOrvN4aUqlYHN3CSFA3xL2IBYxg0JJXuhCVoZfCsZ1dOiGGvh+kLPMcoHd6WCpikXAss/vc8+NIMm9w5JXKVtUaw5wn9pSU0RR1r/TudGOShDQCwrFSHdsS4KZYAiOcZkUnUVRgMsA92tE0wiFVbjo+MTMPtdI1g1jqF4E5Vn93pDhUahT62pkvqWZrufhfrZNAcO6mLBIJ0IhMPgoSbkJs5nmZXSYpAT7SBBPJ9K4m6WOJCehUizoEe/bkedI8qdpW1b45LdesaRwFtI8OUAXZ6AzV0DWqowYi6AE9oRf0ajwaz8ab8TGxLhjTnj30B8bXN1IppfQ=</latexit><latexit sha1_base64="2yf4eKbRvjxpKrIyf8RuVSzYGH0=">AAACInicbVDLSsNAFJ34rPVVdekmWISKUBIR1IVQcOOygn1AE8JkOmmHTpJh5qZYYr7Fjb/ixoWirgQ/xklbUFsPDBzOPffOvccXnCmwrE9jYXFpeWW1sFZc39jc2i7t7DZVnEhCGyTmsWz7WFHOItoABpy2haQ49Dlt+YOrvN4aUqlYHN3CSFA3xL2IBYxg0JJXuhCVoZfCsZ1dOiGGvh+kLPMcoHd6WCpikXAss/vc8+NIMm9w5JXKVtUaw5wn9pSU0RR1r/TudGOShDQCwrFSHdsS4KZYAiOcZkUnUVRgMsA92tE0wiFVbjo+MTMPtdI1g1jqF4E5Vn93pDhUahT62pkvqWZrufhfrZNAcO6mLBIJ0IhMPgoSbkJs5nmZXSYpAT7SBBPJ9K4m6WOJCehUizoEe/bkedI8qdpW1b45LdesaRwFtI8OUAXZ6AzV0DWqowYi6AE9oRf0ajwaz8ab8TGxLhjTnj30B8bXN1IppfQ=</latexit><latexit sha1_base64="2yf4eKbRvjxpKrIyf8RuVSzYGH0=">AAACInicbVDLSsNAFJ34rPVVdekmWISKUBIR1IVQcOOygn1AE8JkOmmHTpJh5qZYYr7Fjb/ixoWirgQ/xklbUFsPDBzOPffOvccXnCmwrE9jYXFpeWW1sFZc39jc2i7t7DZVnEhCGyTmsWz7WFHOItoABpy2haQ49Dlt+YOrvN4aUqlYHN3CSFA3xL2IBYxg0JJXuhCVoZfCsZ1dOiGGvh+kLPMcoHd6WCpikXAss/vc8+NIMm9w5JXKVtUaw5wn9pSU0RR1r/TudGOShDQCwrFSHdsS4KZYAiOcZkUnUVRgMsA92tE0wiFVbjo+MTMPtdI1g1jqF4E5Vn93pDhUahT62pkvqWZrufhfrZNAcO6mLBIJ0IhMPgoSbkJs5nmZXSYpAT7SBBPJ9K4m6WOJCehUizoEe/bkedI8qdpW1b45LdesaRwFtI8OUAXZ6AzV0DWqowYi6AE9oRf0ajwaz8ab8TGxLhjTnj30B8bXN1IppfQ=</latexit><latexit sha1_base64="2yf4eKbRvjxpKrIyf8RuVSzYGH0=">AAACInicbVDLSsNAFJ34rPVVdekmWISKUBIR1IVQcOOygn1AE8JkOmmHTpJh5qZYYr7Fjb/ixoWirgQ/xklbUFsPDBzOPffOvccXnCmwrE9jYXFpeWW1sFZc39jc2i7t7DZVnEhCGyTmsWz7WFHOItoABpy2haQ49Dlt+YOrvN4aUqlYHN3CSFA3xL2IBYxg0JJXuhCVoZfCsZ1dOiGGvh+kLPMcoHd6WCpikXAss/vc8+NIMm9w5JXKVtUaw5wn9pSU0RR1r/TudGOShDQCwrFSHdsS4KZYAiOcZkUnUVRgMsA92tE0wiFVbjo+MTMPtdI1g1jqF4E5Vn93pDhUahT62pkvqWZrufhfrZNAcO6mLBIJ0IhMPgoSbkJs5nmZXSYpAT7SBBPJ9K4m6WOJCehUizoEe/bkedI8qdpW1b45LdesaRwFtI8OUAXZ6AzV0DWqowYi6AE9oRf0ajwaz8ab8TGxLhjTnj30B8bXN1IppfQ=</latexit>

p(vt+1 = irare |vt = uk)

<latexit sha1_base64="uz0AttFbTJUty5n+xnibVk19CJo=">AAACH3icbVDLSgNBEJz1GeMr6tHLYhAiQtgVUS9CwIvHCOYBSVhmJ73JkNkHM73BsO6fePFXvHhQRLzlb5xNAmpiwUBR1d3TXW4kuELLGhtLyyura+u5jfzm1vbObmFvv67CWDKosVCEsulSBYIHUEOOApqRBOq7Ahru4CbzG0OQiofBPY4i6Pi0F3CPM4pacgoXUWnoJHhqp9dtn2Lf9RKeOm2EBz0skVRC+pgV/Nhx6gxOnELRKlsTmIvEnpEimaHqFL7a3ZDFPgTIBFWqZVsRdhIqkTMBab4dK4goG9AetDQNqA+qk0zuS81jrXRNL5T6BWhO1N8dCfWVGvmursyWVPNeJv7ntWL0rjoJD6IYIWDTj7xYmBiaWVhml0tgKEaaUCa53tVkfSopQx1pXodgz5+8SOpnZdsq23fnxYo1iyNHDskRKRGbXJIKuSVVUiOMPJEX8kbejWfj1fgwPqelS8as54D8gTH+BpF6pH0=</latexit><latexit sha1_base64="uz0AttFbTJUty5n+xnibVk19CJo=">AAACH3icbVDLSgNBEJz1GeMr6tHLYhAiQtgVUS9CwIvHCOYBSVhmJ73JkNkHM73BsO6fePFXvHhQRLzlb5xNAmpiwUBR1d3TXW4kuELLGhtLyyura+u5jfzm1vbObmFvv67CWDKosVCEsulSBYIHUEOOApqRBOq7Ahru4CbzG0OQiofBPY4i6Pi0F3CPM4pacgoXUWnoJHhqp9dtn2Lf9RKeOm2EBz0skVRC+pgV/Nhx6gxOnELRKlsTmIvEnpEimaHqFL7a3ZDFPgTIBFWqZVsRdhIqkTMBab4dK4goG9AetDQNqA+qk0zuS81jrXRNL5T6BWhO1N8dCfWVGvmursyWVPNeJv7ntWL0rjoJD6IYIWDTj7xYmBiaWVhml0tgKEaaUCa53tVkfSopQx1pXodgz5+8SOpnZdsq23fnxYo1iyNHDskRKRGbXJIKuSVVUiOMPJEX8kbejWfj1fgwPqelS8as54D8gTH+BpF6pH0=</latexit><latexit sha1_base64="uz0AttFbTJUty5n+xnibVk19CJo=">AAACH3icbVDLSgNBEJz1GeMr6tHLYhAiQtgVUS9CwIvHCOYBSVhmJ73JkNkHM73BsO6fePFXvHhQRLzlb5xNAmpiwUBR1d3TXW4kuELLGhtLyyura+u5jfzm1vbObmFvv67CWDKosVCEsulSBYIHUEOOApqRBOq7Ahru4CbzG0OQiofBPY4i6Pi0F3CPM4pacgoXUWnoJHhqp9dtn2Lf9RKeOm2EBz0skVRC+pgV/Nhx6gxOnELRKlsTmIvEnpEimaHqFL7a3ZDFPgTIBFWqZVsRdhIqkTMBab4dK4goG9AetDQNqA+qk0zuS81jrXRNL5T6BWhO1N8dCfWVGvmursyWVPNeJv7ntWL0rjoJD6IYIWDTj7xYmBiaWVhml0tgKEaaUCa53tVkfSopQx1pXodgz5+8SOpnZdsq23fnxYo1iyNHDskRKRGbXJIKuSVVUiOMPJEX8kbejWfj1fgwPqelS8as54D8gTH+BpF6pH0=</latexit><latexit sha1_base64="uz0AttFbTJUty5n+xnibVk19CJo=">AAACH3icbVDLSgNBEJz1GeMr6tHLYhAiQtgVUS9CwIvHCOYBSVhmJ73JkNkHM73BsO6fePFXvHhQRLzlb5xNAmpiwUBR1d3TXW4kuELLGhtLyyura+u5jfzm1vbObmFvv67CWDKosVCEsulSBYIHUEOOApqRBOq7Ahru4CbzG0OQiofBPY4i6Pi0F3CPM4pacgoXUWnoJHhqp9dtn2Lf9RKeOm2EBz0skVRC+pgV/Nhx6gxOnELRKlsTmIvEnpEimaHqFL7a3ZDFPgTIBFWqZVsRdhIqkTMBab4dK4goG9AetDQNqA+qk0zuS81jrXRNL5T6BWhO1N8dCfWVGvmursyWVPNeJv7ntWL0rjoJD6IYIWDTj7xYmBiaWVhml0tgKEaaUCa53tVkfSopQx1pXodgz5+8SOpnZdsq23fnxYo1iyNHDskRKRGbXJIKuSVVUiOMPJEX8kbejWfj1fgwPqelS8as54D8gTH+BpF6pH0=</latexit>
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Conclusion



Conclusion

Convolution-based Deep Graph Embeddings:

• under-performs under recommender system’s analysis.

SGNS-based Deep Graph Embeddings:

• has great embeddings, respects metric spaces and is able to
predict categorical information.

• outperforms on sparse datasets, especially on the long-tail.
• can be extended to optimize for the long-tail.
• has better popularity distribution.

Bias training of existing models towards profitability.
New metric that encourages profitable recommendations.
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Appendix

Identity Similarity: An item should be most similar to itself.

Identity Similarity = 1
|I|

|I|∑
i=1

1[argmax
j

(WI
i ·WI

j) == i] (1)
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Appendix

Cluster Similarity: Average of similarity within a cluster centered at
an item should be similar relative to that item’s similarity against its
K nearest neighbours similarity score.

Cluster Similarity@K =
1
|I|

|I|∑
i=1

withini@K
centeri@K

withini@K =
2

K(K− 1)

K−1∑
j=1

K∑
l=j+1

WI
j ·WI

l

centeri@K =
1
K

K∑
j=1

WI
i ·WI

j

Ij, Ik ∈ IKNNi

(1)
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Appendix

Binary Similarity: K-Nearest neighbour predicts the correct label
using Binary Cross Entropy.

Binary Similarity@K =
1
|I|

|I|∑
i=1

|Ci|∑
c=1

Pi(class(i) = c) log2(PIKNNi
(class(i) = c))

Pi(class(i) = c) = 1+ α

|Ci|(1+ α)

PIKNNi
(class(i) = c) = 1

K
∑
j∈IKNNi

1[c ∈ Cj] + α

|Cj|(1+ α)

(1)
α = 10 is a positive constant for numerical stability if there exist a
class c ∈ Ci where none of the neighbours of item i intersects.
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Appendix

Average Similarity: Average of items in the same label should result
in being closest to another item in the same label.

Average Similarity@K =
1
|C|

∑
c∈C

ClassPrecision@Kc(IKNNc )

WI
c =

1
K

K∑
k=1,ik∈Ic

WI
ik

(1)
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Appendix

HitItemSet@Ku = r̂u,:K ∩ rtestu,:

HitScore@Ku =
∑

i∈HitItemSet@Ku

si

OptimalScore@Ku =
∑
i∈rtestu,:K

si

Precision@Ku =
HitScore@Ku

OptimalScore@Ku

AP@Ku = AveragePrecision@Ku =
1
K

K∑
k=1

Precision@ku

mAP@K = AveragePrecision@K =
1

|Utest|
∑
u∈Utest

AP@Ku

HitScorei =
∑
u∈rtest

:,i

si = |rtest:,i | × si, TotalScore =
∑
i∈Itest

HitScorei

(1)
Soon Chee Loong, University of Toronto Deep Graph Embeddings in Recommender Systems Questions 18 / 20



Appendix

Comparison between Standard and Profitability

Properties Standard Profitability
scorei = si 1.0 1

|rtest
:,i |

∗ ( |R
test|

|Itest| )

HitScore@Ku |HitItemSet@Ku| as defined above
OptimalScore@Ku K as defined above

HitScorei |rtest:,i | |Rtest|
|Itest| = constant

TotalScore |Rtest| |Rtest|
range(mAP@K) [0.0, 1.0] [0.0, 1.0]
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Future Work

• Develop embeddings that explicitly respect metric spaces.
• Develop embeddings that are robust towards adversarial attacks.
• Remove bias towards sensitive attributes from embeddings.
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